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Motivation

The unit disc

Unit disc D ⊂ C, polar coordinates w = re2πıφ, r ∈ (0,1), φ ∈ T.

Angular Fourier transform

F f (n, r) = f̂ (n, r) =
∫
T

f (φ, r)e−2πı nφdφ,

f (φ, r) =
∑
n∈Z

f̂ (n, r)e 2πı nφ.
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Motivation

Cauchy-Riemann equations

The Cauchy-Riemann operator in polar coordinates:

∂

∂w̄
= e 2πı φ

[
∂

∂r
+

ı

2πr
∂

∂φ

]
.

The condition of analyticity:

∂

∂w̄
f (w) = 0 ⇔ =

∂f
∂r

(φ, r) +
ı

2πr
∂

∂φ
(φ, r) = 0.

∂

∂r
f̂ (n, r)− n

r
f̂ (n, r) = 0, f̂ (n, r) = fn rn.

Zhirayr Avetisyan (UGent) Mixed-Fourier-norm spaces Vienna, VGC Seminar 2024 5 / 26



Motivation

Cauchy-Riemann equations (cont.)

f (φ, r) =
∑
n∈Z

fn rn e 2π nφ =
∑
n∈Z

fn
(

r e 2π φ
)n

,

f (w) =
∑
n∈Z

fn wn.

f ∈ Hol(D) ⇔ sup
0<r<r0<1

φ∈T

|f (r e 2πı φ)| < ∞ ⇔ supp f• ⊂ N0.
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The General Scheme
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The General Scheme

The geometric setting

G Abelian Lie group, Y manifold

Test functions
D(G × Y ) = S(G) ⊗̂C∞

c (Y )

Distrubtions
D(G × Y )′ = S(G)′ ⊗̂C∞

c (Y )′
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The General Scheme

Fourier transform

Half-Fourier transform

F : D(G × Y ) → D(Ĝ × Y ),

F⊗ 1 : S(G)⊗ C∞
c (Y ) → S(Ĝ)⊗ C∞

c (Y ).

Formally,

Ff (ξ, y) = f̂ (ξ, y) =
∫
G

f (x , y)e−2πı⟨ξ,x⟩dx

By duality,
F : D(G × Y )′ → D(Ĝ × Y )′.
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The General Scheme

Intermediate constructions

Multiplier algebra

OM(G × Y )×D(G × Y ) → D(G × Y ),

OM(G × Y )×D(G × Y )′ → D(G × Y )′.

G-invariant differential operators DG(G × Y )

G-moderate differential operators

DM(G × Y ) = ⟨OM(G × Y ),DG(G × Y )⟩.
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The General Scheme

Measurable functions on G × Y

Invariant measure on G:

dµ(x , y) = dxdν(y), ν ∈ ΛdimY (Y ).

Invariant measure on Ĝ:

dµ(ξ, y) = dξdν(y)

Lebesgue spaces

Lp(G × Y )
.
= Lp(G × Y , µ)
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The General Scheme

Mixed-norm spaces

Relatively arbitrary Banach spaces

Y(Y ) ↪→ C∞
c (Y )′, Ξ(G) ↪→ S(Ĝ)′, Ξ(G) ⊂ L1

loc(Ĝ).

Mixed-norm Banach space

Ξ(Ĝ,Y(Y )) =
{

û ∈ L1
loc(Ĝ,Y(Y )) ∥û(·)∥Y ∈ Ξ(Ĝ)

}
,

∥û∥Y,Ξ = ∥∥û(·)∥Y∥Ξ

Under reasonable assumptions (Ξ(Ĝ,Y(Y )), ∥ · ∥Y,Ξ) normed
vector space,

Ξ(Ĝ,Y(Y )) ↪→ D(Ĝ × Y )′
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The General Scheme
Mixed-Fourier-norm spaces

Mixed-Fourier-norm space

X (G × Y ) =
{

u ∈ D(G × Y )′ û = Fu ∈ Ξ(Ĝ,Y(Y ))
}
,

∥u∥ = ∥û∥Y,Ξ

Isometric isomorphism of normed vector spaces

F : X (G × Y ) → Ξ(Ĝ,Y(Y ))

Is X (G × Y ) complete?
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The General Scheme

Complex structure on G × Y

dimG = n, Y ⊂ Rn open.

z = x + ıy ∈ G + ıY .

Factorisation of holomorphic functions:

u ∈ Hol(G × Y ) ⇔ û(ξ, y) = e−2π⟨ξ,y⟩û0(ξ)

Remember f̂ (n, r) = fnrn, r = e−2πy !
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The General Scheme

Intermediate constructions

Weight function
ρ(ξ) =

∥∥∥e−2π⟨·,ξ⟩
∥∥∥
Y

Weighted space

Ξ(Ĝ, ρ) =
{

û0 ∈ L1
loc(Ĝ) |û0|ρ ∈ Ξ(Ĝ)

}
,

∥û0∥Ξ,ρ = ∥|û0|ρ∥Ξ

Under reasonable assumptions, (Ξ(Ĝ, ρ), ∥ · ∥Ξ,ρ) a Banach space.
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The General Scheme

Holomorphic mixed-Fourier-norm spaces

Holomorphic mixed-Fourier-norm space

AX (G × Y ) = X (G × Y ) ∩ Hol(G × Y )

Proposition

Under mild assumptions,

F : AX (G × Y ) → e−2π⟨·,·⟩ · Ξ(Ĝ, ρ), u(z) 7→ e−2π⟨ξ,y⟩ û0(ξ)

is an isometric isomorphism of Banach spaces.
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The General Scheme

Analytic factorisation

Ω complex manifold, G acts analytically on Ω.

Principal stratum: Ω̊{0} ⊂ Ω dense.

G-equivariant bi-holomorphism Φ : G × Y → Ω̊{0}.

Assume that Y ⊂ (R+)
n open, n = dimG.
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The General Scheme

Paley-Wiener-type properties

Under mild assumptions,

supp û0 ⊂ Ĝ ∩ [0,+∞)n, ∀u ∈ AX (G × Y )

Under mild assumptions, ∃y0 ∈ (R+)
n such that ∀y1 > y0,

sup
y>y1
x∈G

∥u(x , y)∥ < ∞, ∀u ∈ AX (G × Y )
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Examples
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Examples

Unit disc: elliptic geometry

Ω = D, G = T, T× D ∋ (x ,w) 7→ w e2πıx ∈ D

Ω{0} = Ω̊{0} = D \ {0}, Y = R+

Φ : T× R+ → D \ {0}, Φ(z) = Φ(x + ıy) = e2πz = r e2πıx

w → ∂D ⇔ z → T× {0}

w → 0 ⇔ z → +ı∞
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Examples

Unit disc: elliptic geometry (cont.)

Ĝ = Z, Ξ(Ĝ) = lq, q ∈ [1,+∞), Y(Y ) = X (R+)

u = f ◦ Φ, u ∈ C∞
c (T× R+), f ∈ C∞

c (D \ {0}),

û(ξ, x) = f̂ (ξ, r) =
∫
T

f (re2πıx)e−2πıξxdx

r∗X ((0,1)) = X (R+), h ∈ X ((0,1)) ⇔ h ◦ exp ∈ X (R+)
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Examples

Unit disc: elliptic geometry (cont.)

Mixed-Fourier-norm space Lq;X (D) = Φ∗X (T× R+),

Lq;X (D) =
{

f ∈ C∞
c (D \ {0})′ ∥f∥ < ∞

}
,

∥f∥ =

∑
ξ∈Z

∥f̂ (ξ, ·)∥q
X((0,1))

 1
q

Bergman space Aq;X (D) = Lq;X (D) ∩ Hol(D \ {0}),

Aq;X (D) =
{

f ∈ Hol(D \ {0}) f̂ (ξ, r) = fξr ξ, ∥f∥ < ∞
}
,

∥f∥ =

∑
ξ∈Z

|fξ|q∥r ξ∥q
X((0,1))

 1
q
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Examples

Half-plane: hyperbolic geometry

Ω = Π = C+, G = R, R× Π ∋ (x ,w) 7→ w ex ∈ Π

Ω{0} = Ω̊{0} = Π, Y = (0, π)

Φ : Γ = R× (0, π) → Π, Φ(z) = Φ(x + ıy) = ez = r eıy

w → ∂Π \ {0} ⇔ z → ∂Γ

w → ∞ · S+ ⇔ z → +∞

w → 0 ⇔ z → −∞
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Examples
Half-plane: hyperbolic geometry (cont.)

Ĝ = R, Ξ(Ĝ) = Lq(R), q ∈ [1,+∞), Y(Y ) = X ((0, π))

Tλ : C(Π) → C(Γ), λ > −1

Tλ f (z) = e(λ2 +1)z f (ez)

u = Tλ f , u ∈ D(Γ), f ∈ D(Π),

f̂ (ξ, y) = e−y(1+λ
2 )û(ξ, x) =

∞∫
0

f (r , y)r−2πıξ+λ
2 dr
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Examples

Half-plane: hyperbolic geometry (cont.)

Mixed-Fourier-norm space Lq;X (Π) = T−1
λ X (Γ),

Lq;X (Π) =
{

f ∈ D(Π)′ ∥f∥ < ∞
}
,

∥f∥ =

 ∞∫
−∞

∥f̃ (ξ, ·)∥q
X((0,π))

 1
q

Bergman space Aq;X (Π) = Lq;X (Π) ∩ Hol(Π),

Aq;X (Π) =
{

f ∈ Hol(Π) f̃ (ξ, y) = f̃0(ξ)e−2πξy , ∥f∥ < ∞
}
,

∥f∥ =

 ∞∫
−∞

|̃f0(ξ)|q∥e−2πξ·∥q
X((0,π))

 1
q
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Thank you.

Z. A., A. Karapetyans “Mixed-Fourier-norm spaces and holomorphic
functions”.

Arxiv: 2411.15379 (appeared today!)
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