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Definitions

Universal sequence

@ Q a Hausdorff sequential convergence space

@ X a Banach space, with a continuous and dense embedding in
X —Q

@ {©n}>2 a minimal system in X

Definition
A sequence {¢,}>° ; C X is called universal in Q if subsequences of
{€n}>2, converge to every point of Q,

(V€ QBN CN) &y, = f.

Zhirayr Avetisyan (UGent) Universal functions Mathematics in Armenia, July 2023 4/24



Definitions

Reductions

@ X — Q < © continuous dense embeddings
@ X a Banach space
@ Q, © Hausdorff first-countable topological spaces

Lemma

Suppose that the sequence {{n}5° ; C X is universal in ). Then it is
universal in ©.
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Definitions

Minimal systems and series

@ X a Banach space, X~ its dual space
@ {pn}pey C X aminimal system
@ {cp}o°, C X* the dual system, ch(vm) = dnm

Polynomial or series

N
Zangon, apneC, NeNU{co}

n=1

Fourier series of f ¢ X

Z cn(fen
n=1
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Definitions
Definition
A series Y 77 | app is said to be:
1. universal in Q in the usual sense if partial sums universal in Q,

Ni
(Vf € Q) AN}y CN) D anpn —— f
P k—o00

2. universal in Q in the sense of G-values (signs) if

(Vf€ Q) (Hentz1) (NEN)en€G A D enanpn="f

n=1

3. universal in 2 in the sense of rearrangements if

(V€ Q)(Fo € Au(N)) Y agmpom = f
n=1
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Definitions

Definition
We will call an element U € X;

1. universal for Q w.r.t. {n}7°  in the usual sense if the Fourier
series > 24 cn(U)pn is universal in Q in the usual sense

2. universal for Q w.r.t. {¢n}° ; in the sense of G-values (signs) if
the Fourier series > 2 ; ca(U)pn is universal in Q2 in the sense of
G-values (signs)

3. universal for Q w.r.t. {¢s}°° , in the sense of rearrangements if

the Fourier series > "2 ; cn(U)pn is universal in Q in the sense of
rearrangements
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Definitions
Definition
4. conditionally universal for Q w.r.t. {on}p2 4 if
(FH{dntnzy) (YneN)seG

and the series > .7 ; dncn(U)¢n is universal in Q in the usual sense

5. almost universal for Q w.r.t. {pp}>° , if

(FH{n}ry) (YneN)seG A

< —
|imsup#{m€N‘ m<nA n 1}:

n—oo n

1

and the series > ,” ; 6nCn(U)¢n is universal in Q in the usual sense
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Universality in metric spaces
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Universality in metric spaces

The Universal Approximation Property

Definition

Let Q = (2, d) be a metric space. We will say that the minimal system

{¥n}s2, C X possesses the universal approximation property in Q
if for a dense subset D C X we have

(Vf € D) (Ve,6 > 0) (Vng € N)

(3N € N) (a{a,,}'n\’:no c <c) (3{5,,}y:,,0 c G)
such that:
1 [|Hllx < e H= Y0, anen
2. d(f,Q) <48, Q= YN, dncnpn
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Universality in metric spaces

Abstract theorem

@ (9, d) a separable Abelian metric group

@ (X, -||) aBanach space

@ X — Q a continuous dense additive embedding

@ ({¥n}s24,{cn}? 1) abi-orthonormal system in (X', xX*)

Theorem

If the system {yn}>° | possesses the universal approximation property
in Q then 3U € X such that U is almost universal for Q w.r.t. {on}pd 4.
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Asymptotic universality in L'
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Asymptotic universality in L

Definition
Let {pn}oe, C L'(M) be a minimal system. U € L'(M) is:

1. asymptotically universal for L'(M) w.r.t. {¢,}2°, in the usual
sense if there exists a sequence of subsets {Fr}>c_, C 2M, with

FichRc..cM, lm FC‘_O (1)

such that

(Vf e L (M)) (a{Nq}goz1 c N) (Vm € N)
qILmOO/

Zhirayr Avetisyan (UGent) Universal functions Mathematics in Armenia, July 2023 14/24

— f(x)| dx =0




Asymptotic universality in L

Definition

2. asymptotically conditionally universal for L' (M) w.r.t. {¢n}5°
if there exist a sequence of G-values (signs) {dn}5° 4,
(Vn € N) 6, € G, and a sequence of subsets {Fp,}°_, c 2M, with

Fichc..cM, lm Fm‘_o, 2)
such that

(Vf e L (M)) (a{Nq}goz1 c N) (Vm € N)

Ng
Jim. / z;éncn(U)gon(x)— £(x)| dx = 0
Fm |7=
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Asymptotic universality in L
Definition
We will say that the minimal system {¢,}°, C L'(M) possesses the
asymptotic approximation property in L' (M) if for a dense subset
D c L'(M) and a positive number C > 0 we have

(Vf € D) (Ve, 6,0 > 0) (Vng € N)

(3N € N + np) (a{an}ﬁ:no c <c) (3{5,7}#:”0 c G) @Ec M) (@3

such that:
1. ‘EC’ <o
2. ||H|l1 < e, H;zﬁ no QnPn
3. f’f )|dX<5 Q= Zn no 5n04ns0n

4. fIQ )ldx < C-Ifl4
EC
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Asymptotic universality in L

Existence of asymptotically conditionally universal functions

Theorem

If the minimal system {¢n}°° , possesses the asymptotic
approximation property in L' (M) then there exists an integrable

function U € L' (M) which is asymptotically conditionally universal for
LY(M).
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Asymptotic universality in L’
Abundance of asymptotically conditionally universal functions
Theorem

If the minimal system {¢n}°° ; possesses the asymptotic
approximation property in L' (M) then there exist an integrable
function U € L' (M), which is asymptotically conditionally universal for
LY(M) w.rt. {on}o,, and a sequence of subsets {En}oe_, C 2M, with

EicEc...cM, n!inoo’E,E,‘:O,

such that
(VQ S L1(M)> (Ym e N) (3 Vi € L (M))
(Vx € Em)  Vm(x) =9g(x)
A (FH{entnly € G)(YNn e N)  cn(Vm) = encn(U).
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Examples
The trigonometric system in L°([—m,7]), p € [0, 1)
Lemma (Galoyan, Grigoryan’21)

Let Q = LP([-7,7]), p € (0,1), X = L'([—=,7]) and consider the
trigonometric system

LNX

on(x) = €™, Vxe€[-m 7], VneN.

Then the system {¢,}>° ; possesses the universal approximation
property in €.
Corollary

There exists a function U € L'([—=, ]) which is almost universal for

LP([—=,7]), p € [0,1), as well as M([—~, 71]), w.r.t. the trigonometric
system.
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Examples
The trigonometric system in L' ([, 71])

Lemma (Galoyan, Grigoryan’18)

The trigonometric system {¢5}°° ; possesses the asymptotic
approximation property in L' ([—, 7]).

Corollary

There exists a function U € L'([—, «]) which is asymptotically
conditionally universal for L' ([, r1]) w.r.t. the trigonometric system.
Corollary

For every e > 0 there exists a set E with |E'3| < €, such that for every
function f € L'([—=, n]) one can find a function U € L'([—=, n]) with
U|e = f|g, which is asymptotically conditionally universal for

L'([—=, ]) w.r.t. the trigonometric system.
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Conclusion

Main results

@ Almost universal elements in metric spaces

@ Asymptotically conditionally universal functions in L'
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Conclusion

Open questions

@ The universal approximation property of various systems

@ The asymptotic approximation property of various systems
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Thank you.

Z. A., M. Grigoryan, M. Ruzhansky “Elements (functions) that are universal
with respect to a minimal system”, ArXiv:2306.11156.
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